The treatment of strongly anisotropic scattering phase functions is still a challenge for accurate radiance computations. The new Delta-M+ method resolves this problem by introducing a reliable, fast, accurate, and easy-to-use
Introduction

21
In most current scalar radiative transfer models for radiance computations in plane parallel ge-22 ometry (Stamnes et al., 1988 (Stamnes et al., , 2000 Jin et al., 2006; Spurr, 2008; Rozanov et al., 2014; Lin et al., 23 2015; Stamnes and Stamnes, 2016; Hamre et al., 2017; Stamnes et al., 2017a) , the scattering phase 24 function is expanded in a finite series of Legendre polynomials. This expansion of the scattering 25 phase function combined with an expansion of the radiance in a Fourier cosine series leads to 26 a radiative transfer equation (RTE) for each Fourier component that is azimuth-independent and 27 mathematically identical for all Fourier components (Stamnes et al., 1988) . As a result, an ac-28 curate and stable RTE solution relies on an adequate expansion of the scattering phase function, 29 which could be computationally expensive, because a strongly asymmetric scattering phase func-30 tion may require hundreds of terms in a standard Legendre polynomial expansion. For example, (except in the forward direction), but requires an ad hoc specification of the truncation angle 48 and a higher computational burden than δ -M. A δ -fit user must specify by trial and error the 49 "best" truncation angle for each scattering phase function, and the least squares fitting employed 50 in the δ -fit method also implies additional computations. These problems make the δ -fit method 51 inconvenient to use and slower than the δ -M method.
52
In this paper, we will address these issues by introducing a new truncation technique, the δ -M+ 
Review of the Delta-M method
59
In a full-range slab geometry the radiative transfer equation for the diffuse radiance may be 60 written as (Stamnes et al., 2017a) du p(u , φ ; u, φ )I(τ, u , φ )
where τ is the optical depth, u is the cosine of the polar angle θ , φ is the relative azimuth angle,
62
ϖ is the single-scattering albedo, and p(u , φ ; u, φ ) is the scattering phase function. The term 63 S * (τ, u, φ ), proportional to the incident solar beam irradiance F s , is given by
where µ 0 is the cosine of the incident (solar) zenith angle. To obtain the radiance, we have to solve 65 for a function of three variables, τ, u, and φ . But this three-variable problem can be reduced to 66 one of solving a finite set of uncoupled radiative transfer equations, each depending on only the 67 two variables τ and u. We start by expanding the scattering phase function in a finite series of M
68
Legendre polynomials as follows (cos
where P is the th Legendre polynomial, and the th expansion coefficient is given by:
To simplify the expansion of the scattering phase function we use the Addition Theorem for Spher-
71
ical Harmonics (Arfken and Weber, 1999):
where we have introduced the normalized associated Legendre polynomial defined by
where P m (u) is the associated Legendre polynomial.
74
In the δ -M method, we introduce an approximate scattering phase function p * (cos Θ) (Wis-75 combe, 1977):
where the first term is the Dirac δ function and f is the truncation factor. 
After the truncation, the radiative transfer equation is unchanged, except that the optical depth τ 81 and the single-scattering albedo ϖ are scaled as follows:
where τ and ϖ are the scaled variables resulting from using the approximate scattering phase 83 function in Eq. (7). Due to the orthogonality of the Legendre polynomials, the Dirac delta function in Eq. (7) may 86 be expanded in an infinite series of Legendre polynomials:
In Eq. (12), a very important feature is the constant coefficient f for all terms in the sum. Sub-
88
stituting Eqs. (8) and (12) into Eq. (7), we find that the approximate scattering phase function 89 becomes:
moments) χ given by Eq. (4). Hence, the error incurred by applying the approximate scattering 92 phase function is included in the higher order terms with ≥ M:
Figure 1 which we write as: 
Figure 1 shows how moment errors (χ * − χ ) in higher orders are reduced after using the new 112 approximate scattering phase function (which is labeled as "New δ -M+"). adjusting the values of the higher order weights.
131
In general, the ideal way to match higher order moments is to make every higher order term of
132
Legendre moments correct:
However, since it is more important to get correct lower order moments than higher order ones,
134
and since we only have two Gaussian parameters (c and σ ) available to control the shape of 135 δ * (1 − cos Θ), we simply match the (M) th and (M + 1) th Legendre moments by setting:
Note that we also define f = χ M as in the original δ -M method so that w M = 1. The solution of
137
Eq. (19) is straightforward and given by:
The constant c is determined by the normalization w M = 1, and c = w 0 > 1, which could be 139 considered as a magnification factor of f . Next, the truncated scattering phase function in Eq. (17) 140 is normalized by dividing by (1 − w 0 f ) = (1 − f ):
where we see that the new truncation factor f ≥ f .
142
At last, we need to scale the optical depth τ and the single-scattering albedo ϖ for the new 143 method in a similar manner as in the δ -M method: 
In Figure 3 , three H-G scattering phase functions with asymmetry factor g = 0.85 are shown in the 
with a 0 = 0.2 µm, s = 0.92 and a end = 30 µm. The value of a end specifies the upper limit of 163 integration of Mie optical cross section with respect to the particle radius a. The lower limit of 164 integration was equal to 0.005 µm. The refractive index of the aerosol particles was set to 1.385. function that is extremely forward-peaked, whose peak magnitude reaches around 2, 000, 000. Table 1 . 
